Abstract. We investigate quasi-minimal Lagrangian surfaces whose mean curvature vectors sire eigenvectors of the Laplace operator.
Introduction
M. Barros and A. Romero ([2] ) introduced the notion of indefinite Kaehler manifolds. Submanifolds in such manifolds are essentially different from the ones in positive definite Kaehler manifolds. Some new results in this respect are obtained in this paper.
We denote an indefinite complex space form of complex dimension n, complex index k and constant holomorphic sectional curvature 4e by (4e). The complex index is defined as the complex dimension of the largest complex negative definite subspace of the tangent space. In particular, if k = 1, it is called Lorentzian (see [9] ). A submanifold M of Mg(4e) is called totally real if the almost complex structure J of M£(4e) carries at each point p € M the tangent space of M at p into the normal space at p. If the dimension of M is n, it is called Lagrangian. Obviously a Lagrangian submanifold in M£(4e) has real index k.
Lagrangian submanifolds play very important role in string theory (see, for instance [20] ) and its geometry has lately attracted considerable attention. The study of Lagrangian submanifolds from Riemannian geometric point of view was initiated in the early 1970's and many interesting results have been obtained (see [7] ).
Recently, the study of Lagrangian submanifolds with an indefinite metric was initiated by M. Kriele and L. Vrancken ([17] ). They classified minimal Lagrangian submanifolds of constant sectional curvature c in Mf(4e) with c^i. In case of c = e, the classification of such submanifolds was established by B.-Y. Chen and L.Vrancken ([9] ). Also, L. Vrancken ([21] ) studied minimal Lagrangian submanifolds of constant sectional curvature in M^(4e) with k > 1.
On the other hand, during the last two decades, the class of submanifolds whose mean curvature vector H satisfies the following condition has been investigated by many geometers:
where A is a constant and A (resp. A D ) is the Laplace operator acting on sections of the induced bundle by an immersion (resp. normal bundle) (see, for instance [1] , [3] - [5] , [8] , [10] (1.1) to the theory of biharmonic maps due to J. Eells and J. H. Sampson ([11] ).
Preliminaries
For a Lagrangian submanifold M of a Lorentzian complex space form Mf(4e), we denote by V and V the Levi-Civita connections on M and Mf(4e), respectively. The formulas of Gauss and Weingarten are given by
respectively, where h, A and D are the second fundamental form, the shape operator and the normal connection.
Since J is parallel, we have
Denote by R the Riemann curvature tensor of M. Then the equations of Gauss, Codazzi and Ricci are equivalent to
We need the following existence and uniqueness theorem (cf. [9] 
Then there exists a Lagrangian isometric immersion x
: (M, (•, •)) -> M"(4e) such
Quasi-minimal Lagrangian surfaces in M 2 (4e)
In this section, first we give the relation between the mean curvature vector field and the Gauss curvature of quasi-minimal Lagrangian surfaces in Lorentzian complex space forms.
Let M be a Lagrangian surface in M 2 (4e). Then the second fundamental form takes the form:
for some functions a, b, c, d, with respect to an orthonormal frame {ei,e2} such that (ex, ei) = 1 and (e2, e<i) = -1. In the rest of this paper we will use this frame.
By differentiating the second fundamental form covariantly we get the following: This proves Lemma 6.
• From (3.9) and (3.10) we can easily check the following. Proof. Suppose that A°H = eH holds. Then using Lemma 8 and (3.12) we get
Vei(Affei) + A DeiH e 1 -V e2 (A H e 2 ) -A De2H e 2 -A H (V ei ei) + Ai/(V e2 e 2 )
= 3a{eia + e2a + awi(ei) + au 2 (e2)}(ei + e2) = 0. 
Also since a-c = 2b as in the proof of Lemma 7, we obtain that h(e\, AHZI)-

25) c=-^-^-(d x -dy)f(x-y) + g{x-y), a = f(x-y)-c, where d x = ^ and d y = -^.
Conversely, suppose that a and c are functions on a simply-connected domain U C R 2 defined by (3.23) (resp. (3.25) Proof. Since the Gauss curvature of M is -1 by Proposition 3, we obtain that M is locally isometric to (U t g = dx 2 -e 2y dy 2 ) where U C R 2 . Also we have a -c -2b as in the proof of Lemma 8. In this case, we remark that (3.6) and (3.8) imply (3.7) . Replacing (3.6) and (3.8) by the derivatives with respect to x and y, we obtain (3.29) and (3.30) . Conversely, suppose that a and c are functions satisfying (3.29) and (3.30) and g = dx 2 -e 2x dy 2 is the metric tensor on a simply-connected domain U C R 2 . We define a symmetric bilinear form a on ({/, g) by ei) = aei + ^e2,0"(e2, e2) = -ce 1 -^^62, <r(ei, 62) --^ei + ce2. Here e\ -dx, eiBy a straight-forward computation, we find that ((U,g),a) satisfies (1), (2) and (3) of Theorem 1. Applying Theorems 1 and 2, we conclude that up to rigid motions M 2 (-4) , there exists a unique quasi-minimal Lagrangian immersion of (U,g) into M 2 (-4) whose second fundamental form is given by (3.28 
Applications
In this section we apply Proposition 5 to a variational problem. Let (M m ,g) and (N n , h) be Riemannian manifolds of dimension m and n respectively, and tf>: M -> N a smooth map. We denote by V and V the Levi-Civita connections on M and N respectively. Then the tension field T{4>) is a section of the vector bundle <J>*TN defined by In case that N is the pseudo-Euclidean space and <j> is an isometric immersion, then T 2 ((f>) = A M A M<f>, since A--mH. Here AM is the Laplacian acting on C°°(M m ). Thus the 2-harmonicity for an isometric immersion into the pseudo-Euclidean space is equivalent to the biharmonicity in the sense of Chen (see [6] , [8] ). On this reason, 2-harmonic maps are frequently called biharmonic maps.
Now consider the case that m = 2 and TV is a Lorentzian complex space form Mi (4e). The curvature tensor R of Mf (4e) is given by where A is the Laplace operator described in section 1. Thus, applying Proposition 5 we have the following.
COROLLARY 16. Let M be a quasi-minimal Lagrangian surface in Mf (4E).
Then M is biharmonic if and only if e -0 and AH = 0.
